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Indicator Random Variables

The indicator random variable [{A} associated with event A is
defined as:

{A}= 1 if A occurs,
0 if A does not occur

For example, let us determine the expected number of heads we
obtain when flipping a fair coin. S = {H,T}, with Pr{H}=Pr{T}=1/2.

We define an indicator random variable X,, , associated with the
coin coming up heads, which is the event H.

X, = I{H} =1 if H occurs
O if T occurs

The expected number of heads obtain in one flip is then the
expected value of X, :

E[X,] = E[ {H}]=1.Pr{H} + O.Pr{T}
= 1.(1/2)+ 0.(1/2) = 1/2
Lemma: give a sample space S and an event Ain S, let X, = l{A}.
Then E[X,] = Pr{A}.



Indicator Random Variables

For example, we find the number of heads in n coin flips.
Let X. be the indicator random variable.
X. = I{H} = 1 if H occurs in the it" flip

0 if T occurs in the ith flip

Let X be the indicator random variable denoting the total
number of heads in the n coin flips.

Xzle

Therefore the expectation is

E[X]= E[I{H}]
= 1.Pr{H} + 0.Pr{T}

= 1.(1/2)+ 0.(1/2)
=1/2




Analyzing The Hiring Problem

Let X. be the indicator random variable
associated with the event in which the ith
candidate is hired.

X. = l{candidate i is hired}
=1 if candidate i is hired,
O if candidate i is not hired

and X=X;+ X, +..+X_.
From lemma, E[X.] = Pr{candidate i is hired}



Analyzing The Hiring Problem

* Considering a candidate i is hired when
candidate i is better than each of candidates 1
to i-1. Thus, candidates | has a probability of
1/i of being better qualified than candidates 1
to i-1 and thus, a probability of 1/i of being
hired.

* From lemma, E[X] = Pr{candidate i is hired}
* We can conclude E[X.] = 1/i



Analyzing The Hiring Problem

* Now we can compute E[X]:

n If we interview n people, we only
= E[Xi] hire approximately In n of them
on average.

=Ilnn+0(1)

Lemma:
Assuming that the candidates are presented in a random order,
algorithm Hire-Assistant has a total hiring cost of O (c,, In n).




The Hiring Problem

Pseudo code: Randomized-Hire-Assistant(n)
randomly permute the list of candidates
best = 0 // dummy candidate
fori=1ton

do interview candidate |

if candidate i is better than candidate best

then best = |
hire candidate |



Randomly permuting arrays

* We randomize the input by permuting the
give input array.

* We assigh each element A[i] of the array a
random priority P[i], and then sort the
elements of A according to these priorities.

A 12 ]34
P 36 3 97 19

* Then we would produce an array B =(2,4,1,3]



Randomization method: Permute By
Sorting

Pseudo code: Permute-By-Sorting(A)
N = length[A]
fori=1ton

do P[i] = Random(1,n3)

sort A, using P as sort keys
return A



Randomization method: Permute By
Sorting
* \We use a range of 1 to n3 to make it likely that
all the properties in P are unique.

* The time consuming stepisin line 4. If we use
merge sort, it takes ®(n Ig n) time.



Randomization method: Permute By
Sorting

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

* Let X be thg event that element Ali] receives the ith e
smallest priority. o

* Wehave PriX,n X, n..NnX ;NX}= priority desgn
Pr{X,}. Pr{X, | X.}. Pr{X; |X;n X,}... Pr{X_ |X;n .0 X .}

* We have Pr{X;}= 1/n and Pr{X, [X;}=1/(n-1), and so on

* We have that Pr{X. [X;n ..n X.;} = 1/(n-i+1)

* Hence,
PriX,;n X, n..n X , nX.}=(1/n). (1/n-1)....(1/2).(1/1)

=1/n!




Randomization method: Randomize-
in-place

* Another method for generating a random

permutation is to permute the given array in

place. The procedure Randomize-in-place
does in O(n) time.

Pseudo code: Randomize-In-Place(A)
N = length[A]
fori=1ton

do swap (A[i], A[Random(1,n)]



Randomization method: Randomize-
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Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

AnFetne iszdanutasiufiazia output faraaluuyile

saui 1 Tennahaziden 3 = 1/6

sauf 2 Tanafiaziden & = 1/5

sauf 3 Tanafiaziden & = 1/4

sauf 4 Tanafiaziden § = 1/3

sauf 5 Tannahaziden 3 = 1/2

217 6 lannafavidan 1 = 1

sniu probability Aezifsusiaz output = 1/6. 1/5. 1/4.1/3.1/2. 1
=1/720



Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

* Given a set of n elements, a k-permutation is a
sequence containing k of n elements. There n!/(n-k)!
Possible k-permutations.

* Therefore, for each possible (i-1) permutation, we
assume that the subarray A[1...i-1] contains this
permutation with probability (n-i+1)!/n!

* Let Pr{X;}= (n-i+1)!/n! and X, be the event that ith
iteration plus x; in position A[i]. Then the i-permutation
(X4,-.- X;) is formed in A[1..i]] when both X, and X, occur.



Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

We have Pr{X;n X, }=Pr{X;}. Pr{X, | X }.

The probability of Pr{X, |X;} =1/ (n-i+1)!

* Thus we have Pr{X,n X, }= Pr{X,}. Pr{X, | X;}

=1/ (n-i+1)! . (n-i+1)!/n!
= (n-i)!/n!

For subarray A[1..n] which is n-permutation with
probability (n-n)! / n! =1/n!



Example : Probabilistic Analysis
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Example: Probabilistic Analysis

Teuuza ynilawtan Tadwwiraundanutiiazidunazaania was nag
Wil Wil vnlausizanyuaean 9ia azliitu 1 aeaans asmidn
Anuaz lARUINTawinTug mnlauwianiauun 5 A

|{L‘1/1ﬁ‘£m&|@ﬂﬂ‘1)i')} = 1if Hoccurs E[X. ] = E [ HuRunyeenia launase i} ]
0if T occurs = 1.Pr{H} + 0.Pr{T}

I{Lmﬂm@@ﬂm neulauasan i} . 1'/(21/2)+ 01/2)
X = mmum‘qmwmwiﬂuummmm@@ﬂm
=X+ X, + X5+ X, + X (LW?’]JJ’WIﬂuﬁﬂﬂ%\‘l)
E[X] = E[X] = E[X; + X, + X3 + X, + X.]
= E[X{]+ E[X,]+ E[X;5] + E[X,]+ E[X(]
=Y+ Vo+¥%+%+Y%=5/2=25




Example: Probabilistic Analysis
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Example : Probabilistic Analysis

Tﬂummmummmm GﬁﬂLﬂMLM?HﬂJ‘VIS\IﬂQ’]NuW@ Lﬂuﬂ"ﬂ”’ﬂﬂﬂﬁq LAY Nag L‘V]’]"’]ﬂu N7 Rb RN
VWﬂIEl‘LAL‘V]i‘EID.I‘VNVN@ 5 A9 lanaem A NLAz Lﬂquv’ﬂ@ﬂ W wA 1 Afaingiu aziuwinlug

farhs event fisnaulane

wisteyaani lwneneulauassi 1 =>>> drlawdiafaudieenuuud HTTTT
wiretyaanya lnzraulauain 2 =>>> dlawiafusoeenuuedd THTTT
wiretyaanya lnzraulauasan 3 =>>> dlawiafusoeenuusdl TTHTT

ee
D_

wiretyaanyia lwnzraulawasan 4 =>>> drlawiafuseenuusd TTTHT

©

wiretyaanyia lnzraulawaian 5 =>>> drlawiafusaeenuus TTTTH
Pr{nsoneenimenlawaian 1} =% * B * 1 * % * % =1/32

1 o/

aviniuiy Pr assnisn wisayeenvreulauassn 2 ,3,4,5

AU

Pr{visaneenvin 1 asa } = 1/32 + 1/32+ 1/32+ 1/32+ 1/32

=5/32



Practice: Probabilistic Analysis

* {au 20 Auatlusuldm uaaTouidenassniauiu seunli
naulUvauide AniumAeasng lnamaauai(expected
value) aziinpunazianiaeuassiaing

* Juaa 5 qn N9 5 Tu Teuveana 5 gniiu waa9191

expected value (Fneas) nuasazasludslun 1 aziingn
15395 lu W9 lagaagan azfaelgui A nNasiuaaad g
Tun 2 (uaaraAFaLan)



Practice: Probabilistic Analysis

1Ay 20 avetfluaui i udslawaevesivesduiu desnlinauldveuide
AnNARaInan lneladausaexpected value) aziinauiazianl@aaasfiales

Huguaenssn it= 1 if auni vavlaideaassaims

0 if Auft i Tlanunsandvldidesies AU 1 myﬁa”tﬂuz%’a
Pr{nufi 1 wivldidesaes} = 1/20.1 BRG]
Prinui 2 wauldidesaes} = 1/20. 0 + 19/20. 1/19
Pr{nuii 3 uamzﬁ’@%’@ s} = 2/20. 0 + 18/20. 1/18 wiloidtodn 19 sl

~ & ¥ 4. pufiga@den Tana
X = Hveiudenssn i}

X = srunuaieiaiviuderesineanduldls
E[X] = E[X;] + E[X,] + ... + E[X{o] . E[X,,]
=1/20*20=1

gnAa 1/19




Practice: Probabilistic Analysis

nuaa 5 gn 1de 5 lu Iﬂum@m > @ﬂuu Lanagnin expected
value fiueaazaslugslui 1 @”Nﬂ@ﬂ

{leunsedt | udagnueaasselud 1} = 1 if veasedelud 1
0 if uealiasalui 1
= I{Iﬂuﬂ%\i‘ﬁ' i LLﬁqqﬂu@@mﬁﬂuﬁ' 1}
E[X]=1/5.1+4/5.0=1/5
X = druuneasiauaiasdelud 1 annislauianmn 5 s
E[X] = E[X;] + E[X,] + E[X5] + E[X,] + E[X]
=1/5+1/5+1/5+1/5+1/5= 1 B B R

Avus Aa binomial dist.
v ?:/ 3 Yo
A lawianue N A azlemn

expectation = n/b



Practice: Probabilistic Analysis
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{Tauassn i uargnuaaastislun 2} = 1 if ueaasdslun 2

O if uaaldasdslun 2
X, = Hlaunsan i udngnuesasdslun 2}
Pr{lauasen 1 udruaaasdelun 2} = 1/5 PP
Pr{leunsan 2 wanveaasdalui 2}=4/5.1/5 i
Pr{leunsan 3 waaveaasdalun 2}=4/5.4/5 .1/5

o 3// ai v [ dl
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E c )
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feen e u geometric dist el

expectation=b



