
Ch4: Analyzing Insertion-Sort

305234 
Algorithm Analysis and Design 

Jiraporn Pooksook
Naresuan University



Analyze the Correctness of Algorithm

• Using Loop Variants 

for j=2 to length[A]
do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i - 1

A[i+1]=key



Loop invariants with insertion-sort

for j=2 to length[A]
do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i - 1

A[i+1]=key

initialization

mainte-
nance

termination

A loop invariant = 
all elements in A[ 1 … j – 1] are in sorted order.



Loop invariants with insertion-sort

j key A[1 to j-1] (before) i A[i] > key A[1 to j-1] (after) A[1… n]

2 5 [9] is sorted 1 9 > 5 [9,9,7,4,2]

0 [9] is sorted [5,9,7,4,2]

3 7 [5,9] is sorted 2 9 > 7 [5,9,9,4,2]

1 5 > 7 (False) [5,9] is sorted [5,7,9,4,2]

4 4 [5,7,9] is sorted 3 9 > 4 [5,7,9,9,2]

2 7 > 4 [5,7,7,9,2]

1 5 > 4 [5,5,7,9,2]

0 [5,5,7] is sorted [4,5,7,9,2]

5 2 [4,5,7,9] is sorted 4

Input = [9,5,7,4,2]

A loop invariant = all elements in A[ 1 … j – 1] are in sorted order.

Initialization



Loop invariants with insertion-sort (Cont.)

j key A[1 to j-1] (before) i A[i] > key A[1 to j-1] (after) A[1… n]

5 2 [4,5,7,9] is sorted 4 9 > 2 [4,5,7,9,9]

3 7 > 2 [4,5,7,7,9]

2 5 > 2 [4,5,5,7,9]

1 4 > 2 [4,4,5,7,9]

0 [2,4,5,7,9]

6 [2,4,5,7,9] is sorted

Input  from j = 4 is [4,5,7,9,2]

A loop invariant = all elements in A[ 1 … j – 1] are in sorted order.

Termination



Loop invariants with insertion-sort
loop invariant = before running loop j, all elements in A[ 1 … j – 1] 

are in sorted order.

theoretically

Initialization: 
Before running loop 2 , all elements in = A[1…1] are sorted. (True!!)

Maintenance:
If before running loop j , all elements in = A[1… j-1 ] are sorted. 
then   after running loop j, if A[i] > A[j] for i < j then A[j] will be inserted before position i

and A[1…i-1] are sorted where  A[1…i-1] < A[j] < A[i] .   
when we found A[i] > A[ j ]  for i< j then A[i+1] = A[ j ]  where

A[1…i] are sorted. Hence A[1…j ] are sorted.
Hence before running loop j+1, A[1…j ] are sorted. (True!!)

Termination: at starting of loop n+1, A[1…n] are sorted (True!!)



Model of Computation

• Specifies what operations an algorithm is allowed 
and cost of each operation.

• Random Access Machine (RAM)
– Modeled by a big array
– In O(1) time can load words, 

do O(1) computations and store O(1) words
• Pointer Machine

– Dynamically allocated objects
– An object has fields
– 1 field = word or a pointer

0

1

2
.
.

word

val 5

prev

next

val -1

prev

next



THE RUNNING TIME OF 
ALGORITHM



Analyze the Running time of Algorithm

• Name each line of codes.

for j=2 to length[A]
do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key

Line
c1
c2
c3
c4
c5
c6
c7

c8



Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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เริÉมจาก 2 ถึง n แสดงวา่ลปู

นี Êรนั n-1 รอบ 

บวกเพิÉมอีก 1 ตอนทีÉตอ้งเช็ค
เงืÉอนไขจะเขา้ลปูรอบสดุทา้ย



Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
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ในโคด้จรงิบรรทดันี Êไมไ่ด้
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key

Times
n
n-1
n-1
n-1

n-1




n

j
jt

2

1




n

j
jt

2





n

j
jt

2

1

n is the size of 
input

Cost
c1
c2
0
c4
c5
c6
c7

c8

อยู่ในลปูแลว้(ซึÉงลปูรนั n-1 
รอบ) ดงันัÊน บรรทดันี Êจะรนั 

n-1 รอบ

เริÉมจาก 2 ถึง n แสดงวา่ลปู

นี Êรนั n-1 รอบ 

บวกเพิÉมอีก 1 ตอนทีÉตอ้งเช็ค
เงืÉอนไขจะเขา้ลปูรอบสดุทา้ย



Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key
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The Running time of insertion-sort
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]

i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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Analyze the Running time of Algorithm

• Using the growth of functions
for j=2 to length[A]

do key = A[ j ]
insert A[ j ] into the sorted sequence A[1 … j-1]
i = j - 1
while i > 0 and A[ i ] > key

do A[i+1] = A[ i ]
i = i – 1

A[i+1]=key
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ดงันัÊน แต่ละรอบของ j ก็จะตอ้งเรยีงตวัเลขทกุตวั 
ยกตวัอย่างเช่น 

ถา้ j = 2 คา่ i = 1 ดงันัÊน โคด้นี Ê ก็จะตอ้งรนั 2 รอบ

เมืÉอ j=3 , i = 2 ดงันัÊน โคด้นี Êก็จะตอ้งรนั 3 รอบ
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The Running time of insertion-sort
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The best case: all element are ordered.
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an+b is a linear function of n

The worst case: a reversed ordered array.
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