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Indicator Random Variables

The indicator random variable [{A} associated with event A is
defined as:

I{A} = 1 if A occurs,
O if A does not occur

For example, let us determine the expected number of heads we
obtain when flipping a fair coin. S = {H,T}, with Pr{H}=Pr{T}=1/2.

We define an indicator random variable X,, , associated with the
coin coming up heads, which is the event H.

X, =I{H}=1if H occurs
0 if T occurs

The expected number of heads obtain in one flip is then the
expected value of X, :

E[X,] = E[ {H}]=1.Pr{H} + O.Pr{T}
= 1.(1/2)+ 0.(1/2) = 1/2
Lemma: give a sample space S and an event Ain S, let X, = l{A}.
Then E[X,] = Pr{A}.



Indicator Random Variables

For example, we find the number of heads in n coin flips.
Let X. be the indicator random variable.
X. = I{H} = 1 if H occurs in the it" flip

0 if T occurs in the ith flip

Let X be the indicator random variable denoting the total
number of heads in the n coin flips.

X=2Xl

Therefore the expectation is

E[X]= E[{H}]
= 1.Pr{H} + 0.Pr{T}

= 1.(1/2)+ 0.(1/2)
=1/2




Analyzing The Hiring Problem

Let X. be the indicator random variable
associated with the event in which the ith
candidate is hired.

X. = l{candidate i is hired}
=1 if candidate i is hired,
O if candidate i is not hired

and X=X, + X, + ...+ X .
From lemma, E[X.] = Pr{candidate i is hired}



Analyzing The Hiring Problem

* Considering a candidate i is hired when
candidate i is better than each of candidates 1
to i-1. Thus, candidates | has a probability of
1/i of being better qualified than candidates 1

to i-1 and thus, a probability of 1/i of being
hired.

* From lemma, E[X] = Pr{candidate i is hired}
* We can conclude E[X] = 1/i



Analyzing The Hiring Problem

* Now we can compute E[X]:
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If we interview n people, we only
hire approximately In n of them
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on average.

Inn+0(1)

Lemma:
Assuming that the candidates are presented in a random order,
algorithm Hire-Assistant has a total hiring cost of O (c,, In n).




The Hiring Problem

Pseudo code: Randomized-Hire-Assistant(n)
randomly permute the list of candidates
best =0 // dummy candidate
fori=1ton

do interview candidate |

if candidate i is better than candidate best

then best = |
hire candidate |



Randomly permuting arrays

 We randomize the input by permuting the
give input array.

* We assignh each element A[i] of the array a
random priority P[i], and then sort the
elements of A according to these priorities.

S N E T E L
P 36 3 97 19

 Then we would produce an array B =1[2,4,1,3]



Randomization method: Permute By
Sorting

Pseudo code: Permute-By-Sorting(A)
N = length[A]
fori=1ton

do P[i] = Random(1,n3)

sort A, using P as sort keys
return A



Randomization method: Permute By
Sorting
* \We use a range of 1 to n3 to make it likely that
all the properties in P are unique.

* The time consuming stepisin line 4. If we use
merge sort, it takes ®(n Ig n) time.



Randomization method: Permute By
Sorting

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

* Let X be the event that element Ali] receives the ith ———
smallest priority. "

* Wehave PriX,n X, n..nX ;NX}= priority fesge
Pr{X,}. Pr{X, | X.}. Pr{X; |X;n X,}... Pr{X_ |X;n .0 X .}

* We have Pr{X,}= 1/n and Pr{X, [X;}=1/(n-1), and so on

* We have that Pr{X. | X;n ..n X} = 1/(n-i+1)

* Hence,
PriX,;n X, n..n X , NnX.}=(1/n). (1/n-1)....(1/2).(1/1)

=1/n!




Randomization method: Randomize-
in-place

* Another method for generating a random

permutation is to permute the given array in

place. The procedure Randomize-in-place
does in O(n) time.

Pseudo code: Randomize-In-Place(A)
N = length[A]
fori=1ton

do swap (A[i], A[Random(1,n)]



Randomization method: Randomize-
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Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

anfete Ainszdanuthaziufiazia output fataaluuile

saud 1 Tanafiaziden i = 1/6

saud 2 Tanafiaziden & = 1/5

sauf 3 Tanafiaziden & = 1/4

saud 4 Tangfiaziden & = 1/3

sauf 5 Tannahaziden 3 = 1/2

2017 6 lannaiazidan 1 = 1

sk probability fezifsusiaz output = 1/6. 1/5. 1/4.1/3.1/2. 1
=1/720



Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

* Given a set of n elements, a k-permutation is a
sequence containing k of n elements. There n!/(n-k)!
Possible k-permutations.

* Therefore, for each possible (i-1) permutation, we
assume that the subarray A[1...i-1] contains this
permutation with probability (n-i+1)!/n!

* Let Pr{X;}= (n-i+1)!/n! and X, be the event that ith
iteration plus x; in position A[i]. Then the i-permutation
(X4,-.- X;) is formed in A[1..i]] when both X, and X, occur.



Randomization method: Randomize-
In-Place

Lemma:
procedure Permute-By-Sorting produces a uniform random
permutation of the input, assuming that all priorities are distinct.

We have Pr{X;n X, }=Pr{X;}. Pr{X, | X}.

The probability of Pr{X, |X;} =1/ (n-i+1)!

* Thus we have Pr{X,n X, }= Pr{X;}. Pr{X, | X;}

=1/ (n-i+1)! . (n-i+1)!/n!
= (n-i)!/n!

For subarray A[1..n] which is n-permutation with
probability (n-n)! / n! =1/n!



Example : Probabilistic Analysis
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Example: Probabilistic Analysis

Tuvizanilanidan Tudwizanfiainuiiasiiunazaania uas fiag
Wi wiliudn vnlauuizaeyudcean via azlidu 1 aeaand asmidn
Auaz lARUINTawinTug mnlauanyisunn 5 A
= o — M
|{L1/1’3‘E|ﬂ°7|’ﬂ@ﬂ1/1’]} = 1if H occurs E[X, ] = E [ {wiawyeensia launaien i} ]

O if T occurs = 1.Pr{H} + 0.Pr{T}

o 3 L - 1. 1 2 +O. 1 2
X. = Hwizuryaaniia naulauaian i} ) 1/(2/ )}+0.(1/2)

X = §nununisianuailauudamitayeantia
=X+ X, + X3+ X, + X (wezinlautinaky)
E[X] = E[X] = E[X; + X, + X5 + X, + X.]
= E[X ]+ E[X,]+ E[X;5] + E[X,]+ E[Xc]
=Y+ Vo+¥+Y%+¥%=5/2=25



Example: Probabilistic Analysis
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Example : Probabilistic Analysis
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«  fuluevent Asaulaie

*  LiTuUeania annzaeulueien 1 =>>> Eladinasaudoeenuuud HTTTT
*  LiTuyeeaniia annzaaulueian 2 =>>> flauinaiaudteenuuud THTTT
*  LiTuyeania annzmeulueian 3 =>>> flaudasaudteenuund TTHTT
*  LiTuUeania annzaeultuaian 4 =>>> Enlauiafoudoeenuund TTTHT

o wiruyeenii lenizreulauaian 5 =>>> Elaudinasauwdteenuuul TTTTH
o  Pr{uwBanesnvameuleunin 1} =% * B * W * % *% =1/32

o/

duiniuiy Pr aesnisi wisagyeeniseulawaien 2 ,3,4,5

Priviaqeenin 1 asa } = 1/32 + 1/32+ 1/32+ 1/32+ 1/32
=5/32



Practice: Probabilistic Analysis

* fau 20 Auatlusulin uioTauaaaassaiestuiu daunli
naulvEuide AniuAeasingn laeaauan(expected
value) azinAunaziaaid@aanssinles

* Juaa 5 qn e 5 Tu Teuneans 5 gniiu w&RIN9n

expected value (Fneas) nuasaradludslun 1 aziingn
1595 lu W9 laeaagdn azfaelaunAsaNasiuaaad 1o
Tun 2 (uearaAFaLIn)



Practice: Probabilistic Analysis

1pu 20 auetfluauiin udsluwaevesiaeslduiu desnlinaulweuide
ANNARAan laeladauiaexpected value) azinauiiaziaaidaveassales
Huguaensen it= 1 if audni vavlfidesassams

0 if Audt i lianunsovavlEidasies aufl 1 ionidleliluio
Pr{nufi 1 wiulfidesaed} = 1/20.1 (hiliifeiaies)
Pr{nuil 2 wiulkidesaes} = 1/20. 0 + 19/20. 1/19
Pr{nufi 3 wiul&desaes} = 2/20. 0 + 18/20. 1/18 witoidodn 19 sl
X. = [{viudanss i}
X = daueuranusiviudeasesaeanglaly
E[X] = E[X;] + E[X,] + ... + E[X{o] . E[X,,]

=1/20*20=1

AUNARNLAAN lan14
gnAa 1/19




Practice: Probabilistic Analysis

nuaa 5 gn 1de 5 lu Iﬂuu@@m > @ﬂuu L&aa9nin expected

value fiueaazadludalui 1 @vm@m

{leunsedt | ubagnueansdalud 1} = 1 if veasedelud 1

0 if vealiaadalud 1

= [{Taun3sn | udognueaasialun 1}

E[X]=1/5.1+4/5.0=1/5

X = qqunuuaananuanasdlun 1 annnislousianus 5 a5

E[X] = E[X;] + E[X,] + E[X5] + E[X,] + E[X]

=1/5+1/5+1/5+1/5+1/5= 1

o P = ~ o A
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expectation = n/b



Practice: Probabilistic Analysis
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