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Analyze the Correctness of Algorithm

* Using Loop Variants

for j=2 to length[A]
do key =A[j]

i=j-1

whilei>0and A[i] > key
do A[i+1] = A[i]
i=i-1

Ali+1]=key



Loop invariants with insertion-sort

initialization

for j=2 to length[A]
do key =A[j ]

. i=j-1
mainte-
whilei>0and A[i] > key
do A[i+1] =A[i]
i=i-1

___ Ali+1]=key

termination

A loop invariant =

all elementsin A[1...j—1] are in sorted order.




Loop invariants with insertion-sort

A loop invariant = all elements in A[ 1 ... j— 1] are in sorted order.

Initialization |nput = [9,5,7,4,2]

u key " A[1 to j-1] (before) - A[1 to j-1] (after)

2 5 [9] is sorted 1 9>5 [9,9,7,4,2]
0 [9] is sorted [5,9,7,4,2]
3 7 [5,9] is sorted 2 9>7 [5,9,9,4,2]
1 5>7(False) [5,9]is sorted [5,7,9,4,2]
4 4 [5,7,9] is sorted 3 9>4 [5,7,9,9,2]
2 7>4 [5,7,7,9,2]
1 5>4 [5,5,7,9,2]
0 [5,5,7] is sorted [4,5,7,9,2]
5 2 [4,5,7,9] is sorted 4



Loop invariants with insertion-sort (Cont.)

A loop invariant = all elements in A[ 1 ... j— 1] are in sorted order.

Input fromj=4is[4,5,7,9,2]

BN R T Y

2 [4,5,7,9] is sorted 4 9>2 [4,5,7,9,9]
3 7>2 [4,5,7,7,9]
2 5>2 [4,5,5,7,9]
1 4>2 [4,4,5,7,9]
0 [2,4,5,7,9]

6 [2,4,5,7,9] is sorted

Termination




Loop invariants with insertion-sort

theoretically

loop invariant = before running loop j, all elementsin A[ 1 ...j—1]
are in sorted order.

Initialization:
Before running loop 2, all elements in = A[1...1] are sorted. (True!!)

Maintenance:
If before running loop j, all elementsin = A[1... j-1] are sorted.
then after running loop j, if A[i] > A[j] for i < j then A[j] will be inserted before position i
and A[1...i-1] are sorted where A[1...i-1] < A[j] < A[i] .
when we found A[i] > A[j ] for i< jthen A[i+1] =A[j] where
A[1...i] are sorted. Hence A[1...j ] are sorted.
Hence before running loop j+1, A[1...j ] are sorted. (True!!)

Termination: at starting of loop n+1, A[1...n] are sorted (True!!)



Model of Computation

* Specifies what operations an algorithm is allowed
and cost of each operation. 0

 Random Access Machine (RAM) .

— Modeled by a big array

— In O(1) time can load words,
do O(1) computations and store O(1) words -
N

* Pointer Machine word

— Dynamically allocated objects l
— An object has fields ENEN

— 1 field = word or a pointer val 15 PIEY
prev _” next i

next

2




THE RUNNING TIME OF
ALGORITHM



Analyze the Running time of Algorithm

e Name each line of codes.

Line

(o for j=2 to length[A]

C, do key=A[]j]

C3

C, I=j-1

Ce whilei>0and A[i] > key
Ce do A[i+1] =A[i]
C, i=i—1

Cq Ali+1]=key



Analyze the Running time of Algorithm

* Using the growth of functions

for j=2 to length[A]

dokey=A[]j]
i=j-1
whilei>0and Al i ]
do A[i+1] = A
i=i—1
Ali+1]=key
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Analyze the Running time of Algorithm

* Using the growth of functions

for j=2 to length[A]
dokey=A[]j]
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Analyze the Running time of Algorithm

* Using the growth of functions

for j=2 to length[A]
dokey=A[]j]
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Analyze the Running time of Algorithm

* Using the growth of functions

for j=2 to length[A]
dokey=A[]j]
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Analyze the Running time of Algorithm
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Analyze the Running time of Algorithm

* Using the growth of functions Cost | Times
for j=2 to length[A] (o n
do key =A[j] C, n-1
0 n-1
i=j-1 C, n-1
while i >0and A[i]> key s |
do Ali+1] = A[i ] G [Sa
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D ¥ . 2., =1
. NITAALRAILAUUASLN AL Jj=2
Ali+1]=key nelugtees auau i ‘s n-1

71 AuAsiAn i tj-1

n is the size of
input




Analyze the Running time of Algorithm

* Using the growth of functions Cost | Times
for j=2 to length[A] (o n
do key =A[j] C, n-1
0 n-1
i=j-1 C, n-1
while i >0and A[i]> key s |
do A[i+1] = A[ ] s [Sa
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Analyze the Running time of Algorithm

* Using the growth of functions

for j=2 to length[A]
do key =A[j]

i=j-1

whilei>0and A[i] > key
do A[i+1] =A[i]
i=i—1

Ali+1]=key
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Analyze the Running time of Algorithm

* Using the growth of functions Cost | Times
for j=2 to length[A] C, n
do key =A[j] C, n-1
0 n-1
I=j-1 C, n-1
while i>0and A[i] > key Ce >,
do Afi+1] = A[ i ] Ce
I=i—1 C
Ali+1]=key Cg
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input




The Running time of insertion-sort

T'(n) =cln+cz(n—1)+c4(n—1)+052tj +C6Z(l‘j —1)+C7Z(l‘j D +c(n—1)
j=2 j=2 J=2

The best case: all element are ordered.

I'(n)=cn+c,(n=D+c,(n=D)+c,(n=1)+c,(n—-1)

T(n)=(c,+c,+c,+es+c)n—(c,+c,+c,+c5+¢y)

an+b is a linear function of n

The worst case: a reversed ordered array.

n(n+1) n(n—1)

n(n—1)

Note!!

J=2

>(j-n =D

Z”:j _ n(n+1)_1

2

2

IT'(n)=cn+c,(n=1)+c,(n—=1)+c,( —1D+c(( )+c,( )+cg(n—1)
c, ¢ ¢ ¢, ¢, C
T(n)=(35+36+37)n2+(cl+c2+c4+35—36—37+08)n—(c2+c4+cs+c8)

an?+bn+c is a quadratic function of n




Analyze the Running time of Algorithm

T'(n) :c1n+cz(n—1)+c4(n—1)+cszn:tj +C6Zn:(tj —1)+C7Zn:(tj —D+c(n—-1)

J=2
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whilei>0and A[i] > key
do A[i+1] =A[i]
I=i—=1
I'(ny=cn+c,(n=-D)+c,(n=D)+c,(n—1)+c,(n—-1)
T(n)=(c,+c,+c,+cs+c)n—(c,+c, +c,+c5+¢)
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Analyze the Running time of Algorithm

T'(n) :c1n+cz(n—1)+c4(n—1)+cszn:tj +C6Zn:(tj —1)+C7Zn:(tj —D+c(n—-1)

J=2
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The Running time of insertion-sort

T'(n) =cln+cz(n—1)+c4(n—1)+052tj +C6Z(l‘j —1)+C7Z(l‘j D +c(n—1)
j=2 j=2 J=2

The best case: all element are ordered.

I'(n)=cn+c,(n=D+c,(n=D)+c,(n=1)+c,(n—-1)

T(n)=(c,+c,+c,+es+c)n—(c,+c,+c,+c5+¢y)

an+b is a linear function of n

The worst case: a reversed ordered array.
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IT'(n)=cn+c,(n=1)+c,(n—=1)+c,( —1D+c(( )+c,( )+cg(n—1)
c, ¢ ¢ ¢, ¢, C
T(n)=(35+36+37)n2+(cl+c2+c4+35—36—37+08)n—(c2+c4+cs+c8)

an?+bn+c is a quadratic function of n




