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What is asymptotic notation?

 We are concerned with how the running time of an
algorithm increases with the size of the input in the
limit, as the size of the input increases without bound.

 We use it to describe running time of an algorithm
which are defined in terms of functions whose domain
are N={0,1,2,3,...}
* Five asymptotic notations:
— Big theta
— Big O
— Big Omega
— Little O
— Little omega
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™ - Notations

« | O(g(n))= {f(n): there exist positive
constants c,, ¢,, and n, such that
0<c,g(n)<f(n)<c,g(n)foralln=n,}

* A function f(n) belongs to the set if there exist
positive constants ¢, and ¢, such that it can be
“sandwiched” between c, g(n) and c, g(n), for
sufficiently large n.

We write to express



Example: ® - Notations

o 1
o Auuali f(n)= S n’ —3nuaz gn)=n’
* AAINIINEAUIN f(n)e®(g(n))
a % o 1 dl o £
* ANTLNY (@) 19IARIVIINNIMIA Cq UAT C, UAZ Ng Ml
anunigsia luiiuass

* 0<c,g(n)<f(n)<c,gln)

o Guarnunuaiaidu f(n) waz g(n) aeld

v 2
e azlf 0<cn’< 1 n?—3n SGH O
¥ Y2 5
* WrANNIIIIMNARIY  n®  Avld OSCISE - =<,

| . 61N >=1 usl N < 6 ez liAnaas 2-3/n fnaw
Y} A 1 o % 1Y 1 = o % 1 1
i n > 6 walus aziinlii 3/n guling O Faazyinlii 3RRedaanA €2 >= % (anazldnnlsiannadly

. v a4 ddy, e Ey a o d s 5 ;
Armas Y2-3/N Nauash 91 %4 dalufineidendn n 1 >=7 Uan) we N=6 fazls c2>=0 uazile N >=7 a=iin
i1 €1 axfluen <= 1/14 1% 3/n 39ding O fasiun €2 ag >= %




Example: ® - Notations
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Example: ® - Notations
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Example: ® - Notations
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Example: ® - Notations
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Example: ® - Notations
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Practice: ® - Notations
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Practice: ® - Notations
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Practice: ® - Notations
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Practice: ® - Notations
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Practice: ® - Notations

: . 4 2

Suals S(m)=2n" —4n a0 g(n)=n

5d1 81 n=1, ¢, >= -2 uazille N=2, C,=2 a N>=3,

C,>=17 aufiudn waunsaden e n>=1, ¢, >= 2 13

IFINIADINARALLNUANANNTE YN

= = —_— —_— 2 4 2

fansaunssl N>=1, ¢, >=2 cn’ <2n* —4n<2(1)
195910 | v 2 4 2

QLU NN ILTI1a 3 ¢ (1) <2(1)* —4(1) <2(1)

12 Tdlédiasnqn 2 c, x1<12<2 ‘




Practice: (® - Notations
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Practice: (® - Notations
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Practice: (® - Notations

Suals  f(n)=2n" — e g(n)=n’
1311697 61 N=1 siza N=2, ¢, azilen <= 0 uazdn n>4, ¢,<=2

1§91 6 n=1 p1 ¢, Finau uazin N=2, ¢, >=0 waziila N>4,
c,>=2

ANDINAD TNLTU A8AA8N C; N1 2 uay N>=4 aauuNuA)

@Nﬂf]j‘ﬁ/u@ t’imﬁam:l:l,
N>=4 wi3a
a = 1
NA30LNTEU C4 NAU 2 <P _Ank o i fiden c1=0,
o 1% gt <2 —4dnscn ne
AL ﬁNﬂW?1N SITEEN annsaziiu

36 lsifinaindn 16 2(4)2 32(1 6)_1 6362(4)2 i
32<16<c, x16




Practice: ® - Notations
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O - Notations

O(g(n)) = {f(n): there exist positive
constants c and n, such that
0<f(n)<cg(n)foralln>n,}

We use O-notation when we have only an
asymptotic upper bound (the worst case
running time).

Hence if we have f(n)=0(g(n))
then it follows that f(n)=0(g(n))



Example: O - Notations
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Example: O - Notations
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Example: O - Notations
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Example: O - Notations
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Example: O - Notations
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Example: O - Notations
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o0 - Notations

«| o(g(n))= {f(n): for any positive constant
c >0, there exists a constant n, > 0 such that
0 <f(n)<cg(n)foralln>n,}
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Example: o - Notations
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Example: o - Notations
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O-notations vs. o-notations
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() - Notations

Q(g(n))= {f(n): there exist positive
constants c and n, such that
0<cg(n)<f(n)foralln>n,}

We use () -notation when we have only an
asymptotic lower bound (the best case
running time).

Hence if we have f(n)=0(g(n))
then it follows that f(n)=Q(g(n))



Example: () - Notations
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@ - Notations

« | w(g(n))= {f(n): for any positive constants
c >0 and n, such that
0<cg(n)<f(n)foralln>n,}
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Example of the &, 0, 0, (), @ notations
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Practice: ©,0,0,€2, w Notations

o Smuply S(M)=2n"—4n . g(n)=n’
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Standard notations and common
functions

Monotonicity

A function f(n) is monotonically increasing if
m < n implies f(m) < f(n).

A function f(n) is monotonically decreasing if
m < n implies f(m) = f(n).

A function f(n) is strictly increasing if m < n
implies f(m) < f(n) and strictly decreasing if m
< n implies f(m) > f(n).



Standard notations and common
functions

-loor and ceilings
-or all real x, x-1 <
-Or any integer n,

x Jex <[ x|« x+1
_n/2_‘+\_n/2J=n
~or any real number n 2 0 and integers a,b > 0,
nla |lb|=[n/ab ]

nla |/b |=|n/ab |

(a /b |< (a+ (b-1)/b
la /b |2 (a - (b-1)/b

The floor function f(x) = \_XJ is monotonically
increasing, as is the ceiling function f(x) = [ x | .



Standard notations and common
functions

 Modular arithmetic :
amodn=a- \_a/an
* Polynomials:
p(n)= Za n

 We say that a function f(n) is polynomially
bounded if f(n) = O(nX) for some constant k.



Standard notations and common
functions

 Exponentials : for all real a >0, m and n, we have
the following identities: ,° - |

a' = a
a '=1/a
aman:am+n

 Forall nand n>=1, the function a" is
monotonically increasing in n.



Standard notations and common
functions

* The rate of growth of polynomials and
exponentials for all real constants a, b such
that a>1, any exponential function with a

base strictly greater than 1 grows faster than
any polynomial function.

* Using e to denote the base of the natural |
ogarithm function, we have for all real x: %

 Forallrealx, wehave: ¢*>1+ x =0 1!

l+x<e" <1+ x+x°



Standard notations and common
functions

e Logarithms: we shall use the following notations:

lg n = log ,n

Binary logarithm

In n = log _n Natural logarithm
Exponentiation
Composition

e *n = (g n)*

lg g n = 1g(lg n)
* We say that a function f(n) is polylogarithmically

bounded if f(n) = O(lg n) for some constant k.

* Thus any positive polynomial function grows
faster than any polylogarithmic function.



Standard notations and common
functions

* Factorial: for integers n >=0

n'=o(n")
n!l=w (2")
lg( n!) =0 (nlg n)



Practice: asymptotic growth rates

* Rank the following functions by order of
growth.

1
2" n
nlg n »nlgn
1 n’
22" 2"



Asymptotic growth rates

Important Complexity Classes

These are common functions for big-J from least to greatest:

- 2 Iy I |
l,logn. n.nlogn,.n”, 2", n!

AHMy
208
1024 +
512
256 |
128 |
64 |

2

16 |

j K| - 5 fy _' 3
Ref: http://courses.ics.hawaii.edu/ReviewlCS141/morea/algorithms/GrowthFunctions-QA.pdf




