q Constraint satisfaction problems (CSPs)

. . . |
Constraint Satisfaction CSP is defined by:

Problems a set of variables: X;, X,, ..., X,

Each variable X; has a nonempty domain D, of possible values

a set of constraints: C;, C,, ..., C,,
305450: Lecture 4 Each constraint involves some subset of the variables and
specifies the allowable combinations of values for that subset
A state of the problem is defined by an assignment of
values to some or all of the variables
e.g., {X=v, X =v..}
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q Constraint satisfaction problems (CSPs) q Example CSPs (Map Coloring)
| |

An assignment that does not violate any

constraints is called a consistent or legal —

assignment Rustee

A complete assignment is one in which every

variable is mentioned

A solution to a CSP is a complete assignment

! i Variables WA, NT, Q, NSW, V, SA, T ™™™
that satisfies all the constraints bl W4 N7 0 NS 1,

Constraints: adjacent regions must have different colors

Northern
Territory

Queensland

South
Australia
New South Wales

e.g., WA # NT, or (WA,NT) in {(red,green),(red,blue),(green,red),
(green,blue),(blue,red),(blue,green)}
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q Example: Map-Coloring

LN

/4

Tasmania

Solutions are complete and consistent assignments,
e.g., WA = red, NT = green,Q = red,NSW =
green,V = red,SA = blue,T = green
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q Varieties of constraints

|
Unary constraints involve a single variable,
e.g., SA # green

Binary constraints involve pairs of variables,
e.g., SA # WA

Higher-order constraints involve 3 or more
variables,
can be reduced to binary CSP
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q Constraint graph
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Binary CSP: each constraint relates two variables

Constraint graph: nodes are variables, arcs are constraints

different color
constraint
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q Example CSPs

Place N queens on a NxN i I

chessboard so that none 2]

can attack the other 3la
4

1

Variables: board positions in NxN chessboard
Domains: Queen or Blank

diagonal) cannot both be Q
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Constraints: Two positions on a line (vertical, horizontal,
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q Example CSPs

activity
Choose time for activities, e.g., ‘
pick up products from providers, 4
deliver products to customers, 3
bill customers for the ordered products &

time

Variables: activities
Domains: set of start times

Constraints: activities that use same resources cannot
overlap in time
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q CSPs formulation
[

States are defined by the values assigned so far

Initial state: the empty assignment { }
Successor function: assign a value to an unassigned

variable that does not conflict with current assignment
- fail if no legal assignments

Goal test: the current assignment is complete
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q Solving CSPs

|
Solving CSPs involves some combination of:

Constraint Propagation, to eliminate values that
could not be part of any solution

Search, to explore valid assignments
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q Constraint Propagation (aka Arc Consistency)
[

Arc consistency eliminates values from
domain of variable that can never be part of
a consistent solution

X = Yis consistent iff
for every value x of Xthere is some allowed y

We can achieve consistency on arc by
deleting values from D; that fail this condition
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q Constraint Propagation q Constraint Propagation

" ‘Different-color constraint
Let's look at a trivial example of graph coloring. Graph Coloring

We have three variables with the domains indicated. Initial Domains are indicated
Each variable is constrained to have values different from its neighbors.

Arc examined | Value deleted Vi

Different-color constraint

Graph Coloring
Initial Domains are indicated

Each undirected constraint arc is really two directed constraint arcs, the
effects shown above are from examining BOTH arcs.
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q Constraint Propagation q Constraint Propagation

~Different-color constraint

F; ~Different-color constraint i
Graph Coloring Graph Coloring
Initial Domains are indicated

Initial Domains are indicated

Arc examined |Value deleted Vi Arc examined |Value deleted

Vi=V, none @ Vi=V, none v -
2
D e GEo—C"
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Graph Coloring
Initial Domains are indicated

q Constraint Propagation

~Different-color constraint

V3
Arc examined |Value deleted V4
V=V, none @
Yl >

Y-Vs %) Eo—C"

Yamds V,(G)
Note that although we looked at all the arcs
once, we need to keep going since we have
changed the domains for V1 and V2.
It is this phenomenon that accounts for
the name “constraint propagation”
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q Constraint Propagation

Graph Coloring
Initial Domains are indicated V2

Different-color constraint

Arc examined |Value deleted Vs
V=V, none g 3
Vy =V, V,(G) Vz
Va-Vs Va(G)
ViV, Vy(R)
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q Constraint Propagation

i Different-color constraint
Graph Coloring

Initial Domains are indicated

Arc examined |Value deleted Yy
V=V, none o
V, =V, V,(€) v Vs
Yo=Y Vo(6)
ViV, Vi(R)
V- V3 none
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q Search

|
Constraint propagation is not enough

In general, if there is more than one value in
the domain of any of the variables, we do
not know whether there is zero, one, or
more than one answer that is globally
consistent. We have to search for an answer
to actually know for sure.
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q Backtracking search

I'To search for solutions to a CSP dproblem, an?/ of the
search methods we have studied is applicable.

All we need to realize is that the space of assignments of
values to variables can be viewed as a tree in which all the
assignments of values to the first variable are descendants
of the first node and all the assignments of values to the
secfondhvariable form the descendants of those nodes and
so fortl

The classic approach to search such a tree is backtracking
(i.e., depth-first search)

Variable assignments are commutative, i.e.,
[ WA = red then NT = green ] same as [ NT = green then WA = red ]
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q Backtracking example

V, assignments

V, assignments

V, assignments
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Backtracking example

V, assignments

V, assignments

V, assignment:

Inconsistent

with V, =R
DY
D~
Backup at &
inconsistent @ @
assignment
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Backtracking example

V, assignments

V, assignments

V; assignment:

Inconsistent
with V, =R
DY
oD
Backup at V.
inconsistent
assignment
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q Backtracking example

v, assignments

V, assignments

V5 assignment

Inconsistent |ncgng:]s[em
with vV, = R with V, = G

inconsistent
assignment

V.
Backup at 2 - \;
Geo—Ge’
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q Backtracking example
|

V, assignments

V, assignments

V, assignments

Inconsistent |ncgn5'l|sten[
with V; =R with V, = G

2 -
Backup at V.
G O—CGeD’

inconsistent
assignment
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q Constraint Propagation & BT

|

We can use some form of backtracking search to

solve CSP independent of any form of constraint

propagation.

However, it is natural to consider combining them.
For example, during a BT search where we have a partial
assignment, where a subset of all the variables each has
unique values assigned, we could then propagate these

assignments throughout the constraint graph to obtain
reduced domains for the remaining variables.

This is, in general, advantageous since it decreases the
effective branching factor of the search tree.
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q Constraint Propagation & BT

|
But, how much propagation should we do? Is it worth doing
the full arc-consistency propagation we described earlier?

The answer is USUALLY no.

It is generally sufficient to only propagate to the immediate
neighbors of variables that have unique values (the ones assigned
earlier in the search).

That is, we eliminate from consideration any values for future
variables that are inconsistent with the values assigned to past
variables.

This process is known as forward checking (FC) because one
checks values for future variables (forward in time), as opposed to
standard backtracking which checks value of past variables
(backwards in time, hence back-checking).
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Backtracking with Forward Checking

3

7/15/2009

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V, assignments

305450 - Constraint Satisfaction

29

-feda A V1 = R snazdfes propagate constraint i V2 and V3

- V2 and V3 ignsnsadludundls
-au R from domains of V2 and V3

29

7/15/2009

q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V assignments

Vi

305450 - Constraint Satisfaction
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q Backtracking with Forward Checking
1

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V5 assignments

We have a conflict Vi
whenever a domain V.
2
becomes empty. Vi
7/15/2009 305450 - Constraint Satisfaction
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q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V, assignments

When backing up, need to Y
restore domain values, DM
since deletions were done v, - %
to reach consistency with 3
tentative assignments ®

considered during search.
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q Backtracking with Forward Checking
1

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

------------------
V1 aSS|gnments G

....................
Vzasagnments

V, assignments
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-6Vl =G
-V2 and V3 cannot be G
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q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V5 assignments
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- Remove G from domains of V2 and V3
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Backtracking with Forward Checking

3

V, assignments

V, assignments

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V3 assignments
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q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V, assignments
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q Backtracking with Forward Checking
1

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V5 assignments
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q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V assignments
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q Backtracking with Forward Checking
1

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V; assignments
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q Backtracking with Forward Checking
|

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V5 assignments
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q Backtracking with Forward Checking
1

When examining assignment V, = d,, remove any values inconsistent
with that assignment from neighboring domains in constraint graph.

V, assignments

V, assignments

V, assignments

V.
No need to check >y Generally preferable

previous assignments WV, - y, topure BT
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q Variable and value ordering

|

Most constrained variable:
choose the variable with smallest valid domain
This will have the effect of reducing the average branching factor in
the tree

Least constraining value:

choose value that rules out the fewest values from neighboring
domains

As each value of a variable impact the domains of its neighbors. The
value with the largest minimum resulting domain size would be one
that least constraints the remaining choices and is least likely to lead
to failure

However, value ordering is only worth doing if we are looking for a
single answer to the problem. Of we want all answers, then all
values will have to be tried eventually.

7/15/2009 305450 - Constraint Satisfaction 42

- W lERasnnGectasdniuaenislian viianisidensauls
- ooy - X o
-fusfiansangesdsiiinazanunsadaarinldnnmndneuass CSP Saauld

-maidensaus (Variable)

-dy nslinuauds Whedensusfiddevlasnniign duedensaulsiiiilulpandeniign
-duzandr branching factor wes tree
-msldAriusauls
-Whdendfifiuansznuiudaulsinfeieniig
-dsazanlamaresmadlu failure paths

-winsiansnndnduresnslid axiinafisedlamfesnisAAneuiiesAnbien (FereAusniing) usidisdeanis
Amauiiaviae aduvaenslsien flilug

42




Example
B

Colors: R, G,B, ¥

A=CGreen
B=Blue
C=Red

Red, Blue,

Which country should we color next —

What color should we pick for it? =
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This example of the 4-color map-coloring problem illustrates a simple situation for
variable and value ordering. Here, A is colored Green, B is colored Blue and C is
colored Red. What country should we color next, D or E or F?
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Example
b

Colors: R, G,B, ¥
A=Green
B=Blue

C=Red

Red, Blue,

Which country should we colornext — E most-constrained variable
(smallest domain)
What color should we pick for it?
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Example
il

Colors: R, G,B, ¥
A=Green

B=Blue

C=Red

Red, Blue,

Which country should we color net — E most-constrained variable
(smallest domain)

What color should we pick for it? — RED least-constraining value
(eliminates fewest values from
neighboring domains)
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q Summary

|
CSPs are a special kind of problem:

states defined by values of a fixed set of variables

goal test defined by constraints on variable values

Backtracking = depth-first search with one variable assigned per node

Variable ordering and value selection heuristics help significantly

Forward checking prevents assignments that guarantee later failure
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